Abstract. An initial value problem for the two-dimensional difference equation a.+1,.+1 = a,.+j,,, Let k be an arbitrary but fixed non-negative integer. We start from the two-dimensional difference equation
for 0 < k n and 0 u n with n,k,v E Z, a real parameter z, and the initial conditions ako = aj = ...
as well as S = z>anv (3) for n k. Obviously, the solutions of this initial value problem are uniquely determined polynomials an,, = a(z) of order n -k, in particular
ak+1,(z) ii + (k + 1 -v)z (4)
for ii = 0,... , k + 1. The general solution is given by Theorem 1: For 0 k n and 0 u n, the difference equation (1) with the initial conditions (2) and (3) has the solution
Note that the binomial coefficients (T) vanish for k < . For the proof of this theorem we need some preliminaries. for n> k, and by (3) we obtain za+i,+i -za+io=(1-z)a+io i.e. (6)1
Next, we introduce the generating function of a flL, by the formal power series
n=k &'=O
From (1), we obtain
nk+] v=1 n=k-4-I v=O
In view of (2), the left-hand side is equal to
and the sum on the right-hand side equals to
where (6) implies
Using the abbreviations F = F(x, y, z) and F(x) = F(x, 0, z), we obtain the equation
and finally, the functional equation
for Izi < 1 and x(1 -z)54, xy (1 -z) (n E iN).
Proof: In order to solve (8), it is necessary to determine F(x). The easiest way would be to put y = 0 in (8), however, then we get an identity. Hence, we introduce a new variable u with u(1 -z) 36 1 (n E iN), and choose
Then 1 -y -xy(1 -z) = 0, and (8) turns into
By iteration, we find the series
which converges for J zj < 1. Since
we see that (11) is indeed a solution of (10). Now, the right-hand side of (8) can be written as
and after division by 1 -y -xy(1 -z), we easily find (9) I The polynomial character of (13) implies that the functions (5) are also polynomials, which we call generalized Euler-Froberiius polynomials. By means of the notation D = z 4 , the polynomials En have the representation
Corollary: For k = 0, (9) simplifies to

°° F(x,y,z)=(1-z) (1-mx(1-z))(1-(m+1)xy(1_z)) m=O
Proof of
• which can be generalized in the following way. Proof: The matrices (16) satisfy the recursion 
